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GROUP BASES FOR SOME SOLVABLE GROUPS AND SEMIDIRECT PRODUCTS
BRET BENESH AND JASON LUTZ
Abstract. A set B is a basis for a vector space V if every element of V can be uniquely written as a linear combination of
the elements of B. There is a similar definition of a basis for a finite group. We show that certain semidirect products of
finite groups—including all semidirect products of finite abelian groups—have bases; any group of order m or 2m for odd,
cube-free m has a basis; and the quaternions do not have a basis.
1. Introduction and Preliminaries
Let G be a finite group, and suppose there exists (b1, . . . , bn) ∈ (G \ {e})
n such that for every g ∈ G, there are unique
ai ∈ {0, . . . , |bi| − 1} such that g = b
a1
1
· · · bann . In this case, we say that (b1, . . . , bn) is a basis for G and (a1, . . . , an) is a
representation for g, and it is easy to see that |b1| · · · |bn| = |G|. If G = {e}, we say that G has a trivial basis.
Philip Hall [3] introduced the idea of a group basis, and Charles Hopkins [4] proved that dihedral, symmetric, and
alternating groups all have bases. There are several other families of groups that have natural bases. If G = 〈b〉 is cyclic,
then (b) is easily seen to be a basis of G. The Fundamental Theorem of Abelian Groups states that if A is a finite abelian
group, then there are bi ∈ A and prime powers qi such that A ∼= 〈b1〉 × . . . 〈bm〉, where |bi| = qi. It is easy then to see that
(b1, . . . , bm) is a basis for A. Finally, groups can have more than one basis: ((1, 1)) and ((1, 0), (0, 1)) are both bases for
Z2 × Z3.
A group basis is a special case of the following definition by Magliveras [7]: Let G be a finite group, and let α be a
sequence (α1, . . . , αn), where each αi is itself a sequence (ai,1, . . . , ai,ri) of elements of G. Then α is said to be a logarithmic
signature for G if |G| = r1 · · · rn and each g ∈ G is uniquely represented as a product g = a1,ji · · · an,jn with ai,ji ∈ αi.
Logarithmic signatures have been considered for cryptographic systems in [6], [8], and [9]. Then a basis for a finite group G
is a logarithmic signature (α1, . . . , αn) such that each αi is a cyclic subgroup of G. All solvable groups have a logarithmic
signature [2]. For instance, recall that the quaternions Q8 is the set {±1,±i,±j,±k}, where |1| = 1, |− 1| = 2 and |±x| = 4
for x ∈ {i, j, k}. One such logarithmic signature for Q8 is ((1, i,−1,−i), (1, j)). However, this logarithmic signature is not
a basis because {1, j} is not equal to a cyclic subgroup of Q8. In fact, the proposition below demonstrates that Q8 has no
basis, so we say that that Q8 is basisless.
Proposition 1.1. The quaternions Q8 do not have a basis.
Proof. Suppose Q8 has a basis (b1, . . . , bn). Then |b1| · · · |bn| = 8, and we see that |bi| ∈ {2, 4, 8} with 1 ≤ n ≤ 3. Since Q8 is
noncyclic, we can refine this to |bi| ∈ {2, 4} and n ∈ {2, 3}. Since Q8 has a unique element −1 of order 2, we conclude that
the basis is either (−1, b) or (b,−1) for some b ∈ Q8 with |b| = 4. Then b
2 has order 2, so b2 = −1. If the basis is (−1, b), we
then have (0, 2) and (1, 0) are both representations for −1, which contradicts the uniqueness of representations of the basis.
Similarly, (0, 1) and (2, 0) are representations for −1 for the basis (b,−1), which is also a contradiction. Therefore, no basis
can exist for Q8. 
Groups involving Q8 can still have a basis. For instance, the semidihedral group of order 16 with presentation 〈a, x |
a8 = x2 = e, x−1ax = a−1〉 has a normal subgroup 〈a2, ax〉 isomorphic to the quaternions, yet has a basis (a, x). Also, there
is a group G of order 16 with presentation 〈a, x | a4 = x4 = e, x−1ax = a−1〉 such that G/〈a2x2〉 ∼= Q8, yet G has a basis
(a, x) (Corollary 2.2 also demonstrates that G has a basis, since G is isomorphic to the semidirect product Z4 ⋊ Z4 with an
inversion action). Finally, the symmetric group S8 has a non-normal subgroup isomorphic to the quaternions, and S8 has a
basis [4]. So it is possible for a group with a basisless subgroup (normal or otherwise) or basisless quotient to have a basis.
We end this section with an important lemma.
Lemma 1.2. Let G be a finite group, and let H be a subgroup of G with a basis (h1, . . . , hm). Suppose there exists
b1, . . . , bn ∈ G \H such that, for all x = b
c1
1
· · · bcnn and y = b
k1
1
· · · bknn with ci, ki ∈ {0, . . . , |bi| − 1}, the following hold:
(1) x = y if and only if (c1, . . . , cn) = (k1, . . . , kn),
(2) xy−1 ∈ H if and only if x = y, and
(3) |G : H | = |b1| · · · |bn|.
Then B = (h1, . . . , hm, b1, . . . , bn) is a basis for G.
Proof. We start by showing that every coset of H can be written as Hbc1
1
· · · bcnn for some (c1, . . . , cn) ∈
∏n
i=1
{0, . . . , |bi|−1}.
Let ψ be a map from
∏n
i=1
{0, . . . , |bi| − 1} to the set of right cosets of H defined by ψ(c1, . . . , cn) = Hb
c1
1
· · · bcnn . Then ψ is
injective by Items (1) and (2) and surjective by Item (3), giving the result.
Let g ∈ G. Then g appears in exactly one coset of H , so let (c1, . . . , cn) be such that g ∈ Hb
c1
1
· · · bcnn . Then g = hb
c1
1
· · · bcnn
for some h ∈ H , and we can write h uniquely as hl1
1
· · ·hlmm for some (l1, . . . , lm). Then
g = hl11 · · ·h
lm
m · b
c1
1 · · · b
cn
n
1
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for unique li ∈ {0, . . . , |hi| − 1} and unique ci ∈ {0, . . . , |bi| − 1}. Therefore, (h1, . . . , hm, b1, . . . , bn) is a basis for G. 
2. Families of groups
2.1. Semidirect products of abelian groups. Let H and N be finite groups such that there is a map φ : H → Aut(N),
and let φh : N → N denote φ(h). Recall that a semidirect product N ⋊φ H is defined to be the set {(h, n) | h ∈ H,n ∈ N}
together with the operation defined by (h1, n1)(h2, n2) = (h1h2, φh2(n1)n2) for all hi ∈ H and ni ∈ N .
The following results generalizes the results about dihedral groups from [4].
Theorem 2.1. Let H and K be finite groups with bases such that there is a homomorphism φ : H → Aut(K). If G = K⋊φH,
then G has a basis.
Proof. Let (h1, . . . , hn) be a basis for H and (k1, . . . , km) be a basis for K. Then h
a1
1
· · · hann = h
c1
1
· · ·hcnn for some ai, ci ∈
{0, . . . , |hi| − 1} if and only if (a1, . . . , an) = (c1, . . . , cn) since (h1, . . . , hn) is a basis for H , (h
a1
1
· · ·hann )(h
c1
1
· · ·hcnn )
−1 ∈ K
if and only if ha1
1
· · ·hann = h
c1
1
· · ·hcnn since H ∩K = {(e, e)}, and |G : K| = |H | = |h1| · · · |hn|. Therefore, the (n+m)-tuple
(k1, . . . , km, h1, . . . , hn) is a basis for G by Lemma 1.2. 
The following corollary holds because A and B have bases as a consequence of the Fundamental Theorem of Abelian
Groups. In particular, every dihedral group has a basis.
Corollary 2.2. Every finite group isomorphic to A⋊φ B for abelian groups A and B and some map φ : B → Aut(A) has a
basis.
2.2. Special cases of solvable groups. Proposition 1.1 demonstrates that not every solvable group has a basis. Still, we
can demonstrate some special cases when solvable groups have bases. Recall that a subgroup H of a finite group G is a Hall
pi-subgroup for a set of primes pi if |H | and |G : H | are coprime and every prime divisor of |H | is in pi, and a result of Philip
Hall [5, Theorem 8.9] states that every solvable G has a Hall pi-subgroup for any set of primes pi.
Theorem 2.3. Let G be a finite solvable group. If every Sylow subgroup of G has a basis, then G has a basis.
Proof. Let pi(G) denote the primes that divide |G|. We will proceed by induction. If |pi(G)| = 1, then G is equal to its sole
Sylow subgroup, and thus has a basis by assumption.
Now suppose |pi(G)| > 1. Let p ∈ pi(G) and pi′(G) = pi(G) − {p}. Because G is solvable, G has a proper Hall pi′(G)-
subgroup H . By induction, H has a basis (h1, . . . , hm). Let P be a Sylow p-subgroup of G; then P has a basis (b1, . . . , bn)
by assumption. It is easy to check that H and (b1, . . . , bn) fulfill the hypotheses of Lemma 1.2, so G has a basis. 
Recall that an integer m is cube-free if p3 fails to divide m for every prime p.
Corollary 2.4. Let m be an odd integer that is cube-free. If G has order m or 2m, then G has a basis.
Proof. Let p be a prime number that divides |G|, and let P be a Sylow p-subgroup of G. Then P must have order at most
p2 because |G| is cube-free, which implies that P is abelian and thus has a basis. If |G| = m, then G is solvable by the Odd
Order Theorem [1]. If |G| = 2m, then G is solvable by the Odd Order Theorem, [5, Corollary 6.12], and [5, Corollary 8.4].
Theorem 2.3 then implies G has a basis. 
3. Open Questions
We close with several open questions about group bases.
(1) We have seen that Q8 does not have a basis. When exactly does a nilpotent group have a basis?
(2) Similarly, when does a solvable group have a basis? When does a non-solvable group have a basis?
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